Introduction
Let A be a Banach algebra. As is well known, there exist two Banach algebra multiplications on the second dual A * * of A such that each of them extends the multiplication on A (cf. Arens [1] ). We will always consider the first Arens multiplication on A * * throughout this paper. The dual of the space span(A * A) equipped with the multiplication induced by that on A * * is also a Banach algebra. In recent years, the topological centre problem for the algebras A * * and [span(A * A)] * , in particular for A being some Banach algebras associated with a locally compact group, has attracted some attention. Let A be either the group algebra L 1 (G) or the Fourier algebra A(G) of a locally compact group G. Then 
where LU C(G) is the space of bounded left uniformly continuous functions on G and UCB(Ĝ) is the space of uniformly continuous linear functionals on A(G).
Let Z t (A * * ) (resp. Z t ([span(A * A)] * )) be the topological centre of A * * (resp. (span(A * A)) * ). In [5] , Grosser-Losert showed that Z t (LU C(G) * ) = M (G) if G is abelian, where M (G) is the measure algebra of G. Lau [15] extended this result to all locally compact groups. For the group algebra L 1 (G), Isik-Pym-Ülger [12] 
. This result has also been extended to all locally compact groups by Lau-Losert [16] .
When G is abelian with dual group Γ,
It is natural to consider when the above equalities hold for a non-abelian locally compact group. fixed m ∈ X * , the map n → n · m is weak * -weak * continuous on X * . The (left) topological centre of X * is defined as
If A is a commutative Banach algebra, then Z 
Let G be a locally compact group. The Fourier-Stieltjes algebra B(G) is the linear span of positive definite continuous functions on G and can be identified with the dual of the group C * -algebra C * (G) of G. With the dual norm and the pointwise multiplication, B(G) is a commutative Banach algebra. The reduced Fourier-Stieltjes algebra B ρ (G) is the closure of B(G)∩C 00 (G) in the w * -topology of B(G), where C 00 (G) is the set of continuous functions on G with compact support. B ρ (G) is a closed ideal in B(G) and is precisely the dual of the reduced group
(G) if and only if G is amenable. The Fourier algebra A(G) is the closed ideal in B(G) generated by B(G)∩C 00 (G).

A(G) can be identified with the predual of the group von Neumann algebra V N(G) of G. Naturally, V N(G) is a Banach B(G)-module under the action defined by u · T, v = T, uv (u ∈ B(G), v ∈ A(G) and T ∈ V N(G)). See Eymard [2] for more information on B(G), B ρ (G), A(G), and V N(G).
The support of an operator T in V N(G) is defined by saying that x ∈ supp T if and only if u·T = 0 implies u(x) = 0 for all u ∈ A(G) (cf. Eymard [2] and Herz [6] ).
The space UCB(Ĝ) of uniformly continuous linear functionals on A(G) is the norm closure of A(G) · V N(G) in V N(G). It is known that UCB(Ĝ) is a C * -subalgebra of V N(G) and also a closed B(G)-submodule of V N(G) which coincides with the norm closure of {T ∈
We
recall that UCB(Ĝ) is a topologically introverted subspace of V N(G). Thus, UCB(Ĝ)
* is a Banach algebra and
Throughout this paper, H will denote an open subgroup of G. Let r H : A(G) → A(H) be the restriction map and t H : A(H)
It is known that r * 
The centres of UCB(Ĝ) * and A(G) * *
Let G be a locally compact group. In [17] , Lau-Losert defined an isometric
i.e., π is the natural extension of the isometric embedding of A(G) into UCB(Ĝ) * (see Lau [14] for the amenable case). π :
where ϕ · T is the B ρ (G)-module product and π(ϕ) · T is as defined in Section 2. In the following, B ρ (G) will be identified with the closed subalgebra π(B ρ (G)) of 
: UCB(Ĥ) → UCB(Ĝ) is the * -isomorphism as defined in Section 2. It is easy to see that Φ(λ
H (h)) = λ G (h) for all h ∈ H. Also, for all x ∈ G and ϕ ∈ B ρ (G), we have π(ϕ), λ G (x) = ϕ(x).
Lemma 3.3. Let G be a locally compact group and let m ∈ UCB(Ĝ)
* be such that
Proof. By the assumption, for each H ∈ H 0 , there exists a θ H ∈ B ρ (H) such that m H = π H (θ H ), where π H : B ρ (H) → UCB(Ĥ)
* is the isometric embedding. For H ∈ H 0 and x ∈ H, we have
On the other hand, note that Φ(v · P ) = t H (v) · r *
H (P ) for all v ∈ A(H) and P ∈ V N(H). Hence, we have
Immediately, we have the following replaced by B(H) and B(G) , respectively. The assertion also holds if B ρ (H) and B ρ (G) are replaced by A(H) and A(G), respectively. However, the proof is different from the proof of Lemma 3.2. For the reader's convenience and our later use, we include the following lemma with a very short proof as suggested by the referee.
Theorem 3.4. Let G be a locally compact group and let H 0 be the collection of σ-compact open subgroups of G. Then Z(UCB(Ĝ) * ) = B ρ (G) if and only if
Z(UCB(Ĥ) * ) = B ρ (H) for all H ∈ H 0 . H ∈ H 0 , by Lemma 2.3(ii), m H = Φ * (m) ∈ Z(UCB(Ĥ) * ) = B ρ (H). It follows from Lemma 3.3 that m ∈ B ρ (G).
Lemma 3.6. Let G be a locally compact group and let u be a function on
for all x ∈ G. So, for any x ∈ G and H ∈ H 0 with xH 0 ⊆ H, by the assumption,
is the trivial extension map. We also note that, for any countable subset D of G, DH 0 ⊆ H for some H ∈ H 0 . Since A(G) ∩ C 00 (G) is norm dense in A(G) and 1 xH 0 B(G) = 1, it is readily seen that u · 1 xH 0 A(G) > 0 can hold for countably many cosets xH 0 only. Therefore, there exists an H ∈ H 0 such that supp u ⊆ H and hence u ∈ t H (A(H)) ⊆ A(G). Our original proof of Lemma 3.6 was derived from the above assertion. 
The above arguments are also valid when 
